Let K denote an algebraically closed field. Let V denote a vector space over K with finite positive dimension. By a Leonard triple on V we mean an ordered triple of linear transformations in End(V ) such that for each of these transformations there exists a basis of V with respect to which the matrix representing that transformation is diagonal and the matrices representing the other two transformations are irreducible tridiagonal. There is a family of Leonard triples said to have QRacah type. This is the most general type of Leonard triple. We classify the Leonard triples of QRacah type up to isomorphism. We show that any Leonard triple of QRacah type satisfies the Z 3 -symmetric Askey-Wilson relations.
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Leonard pairs and Leonard systems
We begin by recalling the notion of a Leonard pair. We will use the following terms. Let X denote a square matrix. Then X is called tridiagonal whenever each nonzero entry lies on either the diagonal, the subdiagonal, or the superdiagonal. Assume X is tridiagonal. Then X is called irreducible whenever each entry on the subdiagonal is nonzero and each entry on the superdiagonal is nonzero.
We now define a Leonard pair. For the rest of this paper K will denote an algebraically closed field. (i) There exists a basis for V with respect to which the matrix representing A is irreducible tridiagonal and the matrix representing A * is diagonal. (ii) There exists a basis for V with respect to which the matrix representing A * is irreducible tridiagonal and the matrix representing A is diagonal. (K) . For the rest of the paper let V denote a vector space over K that has dimension d + 1. Let End(V ) denote the K-algebra consisting of all linear transformations from V to V . Let Here I denotes the identity of End(V ). We call E i the primitive idempotent of A associated with θ i . We now define a Leonard system. We refer to d as the diameter of and say is over K. ) denote a Leonard system on V . Observe that each of the following three sequences is a Leonard system on V .
Observe that the D 4 action on Leonard systems from above Definition 1.8 induces a D 4 action on the set LS from Definition 1.12.
We recall the notion of an antiautomorphism of End(V ). By 
The parameter array of a Leonard system
) denote a Leonard system on V . In Definition 1.5 we defined the eigenvalue sequence and the dual eigenvalue sequence of . There are two more parameter sequences of interest to us. In order to define these, we review some results from [4] . For 0 i d define 
The elements A and A * act on {U i } 
Setting i = 0 in (3) we find U 0 = E * 0 V . Combining this with (5) we find
Let v denote a nonzero vector in E * 0 V . By (7), for 0 i d the vector (A − θ i−1 I) · · · (A − θ 0 I)v is a basis for U i . By this and (4) the sequence
is a basis for V . With respect to this basis the matrices representing A and A * are 
) is the eigenvalue sequence (resp. dual eigenvalue sequence) of and
) is the first split sequence (resp. second split sequence) of . 
(10) denote a sequence of scalars taken from K. Then there exists a Leonard system over K with parameter array (10) if and only if the following conditions (PA1)-(PA5) hold.
(PA5) The expressions 
We mention a result for later use. 
).
The Askey-Wilson relations for a Leonard pair
In this section we recall a few facts about Leonard pairs that will be used later in the paper. 
The sequence is uniquely determined by the pair (A, A * ) provided the dimension of V is at least 4.
We refer to (11), (12) 
In the above lines (vi)-(ix), θ −1 and θ d+1 (resp. θ * −1 and θ * d+1 ) denote scalars in K that satisfy (ii) (resp. (iii)) for i = 0 and i = d.
Leonard systems of QRacah type; preliminaries
A bit later in the paper we will consider a family of Leonard systems said to have QRacah type. For these Leonard systems the eigenvalue sequence and dual eigenvalue sequence have a certain form. In this section we consider the form. For the rest of this section let a, q denote nonzero scalars in K with q 2 = ±1, and let
( 1 3 )
We first discuss some necessary and sufficient conditions for {θ i } d i=0 to be mutually distinct.
Lemma 4.1. We have
Proof. Verify this using (13). 
Proof. Verify this by using Lemma 4.1.
Motivated by Lemma 3.2 we now consider some recursions satisfied by the sequence (13). 
Proof. In the above fraction, evaluate the numerator and denominator using Lemma 4.1.
Lemma 4.4.
We have
Proof. Verify this using (13).
Lemma 4.5. We have
Proof. The left-hand side of (14) can be factorized into
By (13) we
By these comments (15) equals the right-hand side of (14).
In Lemma 2.4 the conditions (PA3), (PA4) involve a certain sum. We now evaluate this sum for the case (13). 
Proof. By Lemma 4.1 the summand in the left-hand side of (16) equals
Therefore the left-hand side of (16) We finish this section with two miscellaneous results that we will need later.
Lemma 4.7. We have
Proof. Immediate from (13).
Proof. From (13) we obtain θ 0
Solving these equations for a we routinely obtain (17).
Leonard systems of QRacah type
In this section we define a family of Leonard systems said to have QRacah type. We discuss some related concepts.
Definition 5.1. Let denote a Leonard system on V , as in Definition 1.5. We say that has QRacah type whenever both (i) d 3; (ii) there exist nonzero a, b, q ∈ K such that q 2 = ±1 and
( 1 8 )
( 1 9 ) In view of Definition 5.1, until further notice we assume d 3. 
The parameter arrays of QRacah type
Let denote a Leonard system over K that has QRacah type. In this section we give an explicit form for the parameter array of .
) denote a parameter array over K. This parameter array is said to have QRacah type whenever the corresponding Leonard system has QRacah type.
Definition 6.2. Let PA-QRAC = PA-QRAC(d, K) denote the set consisting of the parameter arrays in
PA that have QRacah type.
Below Definition 2.6 we gave a bijection from LS to PA. The restriction of that bijection to QRAC forms a bijection from QRAC to PA-QRAC. 
(ii) c is a root of x 2 − κx + 1 where
. (21) and rearrange terms to obtain c + c −1 = κ. Therefore c is a root of
Note that c is nonzero, and c −1 is a root of x 2 − κx + 1. Therefore c + c −1 = κ. We substitute this into the left-hand side of (22) and then solve for φ 1 to get
This gives (21) Recall the D 4 action on the set PA, from below Definition 2.6. Proof. Immediate from Lemma 5.3 and Definition 6.1.
A set QRAC red
In (18)- (21) we obtained formulae for a parameter array of QRacah type. Those formulae involve a sequence of scalars (a, b, c; q) . In this section we examine the properties of this sequence. 
Proof. It is clear that a, b, c, q satisfy (RQRAC1). Conditions (RQRAC2), (RQRAC3) follow from (PA1)
and Lemma 4.2. Condition (RQRAC4) follows from (PA2). Therefore (a, b, c; q) ∈ QRAC red .
) is a parameter array over K that has QRacah type.
Proof. We show that ({θ
) is a parameter array over K. 
) is a parameter array over K.
By construction this parameter array has QRacah type.
) denote a parameter array over K that has QRacah type. We say these correspond whenever they satisfy (18) 
Moreover all the above elements correspond to the same element of PA-QRAC.
Proof. This is routinely checked. 
Leonard triples and Leonard triple systems
Motivated by Theorem 10.1 we now consider the notion of a Leonard triple introduced by Curtin [1] . Until further notice assume d 0. We now define a Leonard triple system. Definition 11.2. By a Leonard triple system on V we mean a sequence
is an ordering of the primitive idempotents of A.
is an ordering of the primitive idempotents of A * .
is an ordering of the primitive idempotents of A ε .
(vi) For B ∈ {A, A ε },
(vii) For B ∈ {A, A * },
We refer to d as the diameter of and say is over K. 
) is a Leonard system on V .
Proof. Immediate from Definitions 1.4 and 11.2.
Definition 11.4. Let
) denote a Leonard triple system on V .
the first, second, third eigenvalue sequences of .
) denote a Leonard triple system on V . Observe that each of the following five sequences is a Leonard triple system on V .
Viewing * , ε, , ↓, ⇓ as permutations on the set of all Leonard triple systems,
The group generated by symbols * , ε, , ↓, ⇓ subject to the relations (30)-(33) is a semidirect product (Z 2 ) 3 S 3 , where Z 2 is the cyclic group of order 2 and S 3 is the symmetric group on three letters. The normal subgroup (Z 2 ) 3 is generated by , ↓, ⇓ and the subgroup S 3 is generated by * , ε. By the above comments * , ε, , ↓, ⇓ induce an action of (Z 2 ) 3 S 3 on the set of all Leonard triple systems. We identify D 4 with the subgroup of (Z 2 ) 3 S 3 generated by * , ↓, ⇓ .
Let denote a Leonard triple system on V , as in Definition 11.4. We now display the three eigenvalue sequences of
The eigenvalue sequences of
Definition 11.5. Let 
Leonard triple systems of QRacah type
In this section we define a family of Leonard triple systems said to have QRacah type. We discuss some related concepts.
Definition 12.1. Let denote a Leonard triple system on V , as in Definition 11.4. We say that has QRacah type whenever both (i) d 3; (ii) there exist nonzero a, b, c, q ∈ K such that q 2 = ±1 and
Until further notice assume d 3. 
Definition 12.2. Let T-QRAC = T-QRAC(d,
These entries are nonzero so M is invertible. For notational convenience define M ij = 0 if i or j is among −1, d + 1.
Definition 13.2. Define a map ρ :
where is the natural map for from Definition 2.1. Observe that ρ is a K-algebra isomorphism.
To evaluate A ερ we need some lemmas.
Lemma 13.3. For 0 i j d with (i, j) = (0, d) we have
Proof. Use Definition 13.1.
Lemma 13.4. For 0 
Lemma 13.5. The matrix A ε ∈ Mat d+1 (K) is irreducible tridiagonal with entries
Proof. The matrix A (resp. A * ) is given on the left (resp. right) in (9). After a short computation using (29) we find that the matrix A ε is tridiagonal with entries
for 0 i d. To obtain (43)-(45), evaluate (46)- (48) using (18)- (20). By (RQRAC1), the right-hand side of (43) 
Proof. To obtain (49) evaluate the left-hand side of (49) using (39) and (43). Concerning (50), first assume i = j. Then (50) holds since each side is zero. Next assume i < j. In this case, (50) is verified by evaluating the left-hand side using (41) and (44).
Proposition 13.7. We have
where {θ ε i } 
To verify (52) we consider the following four cases:
Case (I): Each summand in (52) is zero so (52) holds. Case (II): In this case (52) reduces to
Using (38) This shows (53) and hence (52). Case (III): Using (36), (40) we find the right-hand side of (52) equals M ij times
Using (45) and Lemma 13.6 we find the left-hand side of (52) equals M ij times (54). This shows (52).
Case (IV): In this case (52) reduces to
Using this along with (44) at i = 1 and (45) at i = 0, we find the left-hand side of (55) equals the right-hand side of (55). This shows (55) and hence (52). We have verified (52) in each of the cases (I)-(IV). The result follows. 
Proof. Let B denote the matrix on the right in (56
To verify (58) we consider the following two cases:
Case (I): Each summand in (58) is zero so (58) holds. Case (II): Evaluating the left-hand side of (58) using Lemma 4.1 and (20), (41) we find that it equals M ij times
Evaluating the right-hand side of (58) using (42), (57) 
is an element of PA-QRAC that corresponds to (c, b, a; q). Note that A ερ is lower bidiagonal by Proposition 13.7 and A * ρ is upper bidiagonal by Proposition 14.1. Moreover
By this and Lemma 2.8, (A ερ ; {E
) is a Leonard system of QRacah type that has parameter array (60). Therefore (A ερ ; {E
) is a Leonard system of QRacah type that corresponds to (c, b, a; q) . 
Comparing this with (27) we find A ∨ = A. We now apply Lemma 14. (ii) A ε is multiplicity-free.
.
denote the scalar from (36). Then the third eigenvalue sequence of each Leonard triple system associated with (A,
Proof. . By Definition 11.6 the associate class for (A,
3 -orbit containing . Now the last assertion follows from the table above Definition 11.5.
A set T -QRAC red
The following definition is motivated by Theorem 14.5. (
We observe that T-QRAC red is a subset of the set QRAC red from Definition 7. 
that satisfies (i)-(iv) below. Observe that is unique up to isomorphism of Leonard triple systems. The map π sends (a, b, c; q) to the isomorphism class of in the set of all Leonard triple systems. We are going to show that π is a bijection. Before we do this, we give a concrete description of π using matrices. Pick (a, b, c; q) 
by (18), (19) and
by (20), (21). By Lemma 7.3,
is a parameter array of QRacah type and corresponds to (a, b, c; q) . Let A (resp. A * ) denote the lower bidiagonal (resp. upper bidiagonal) matrix in Mat d+1 (K) with entries ) is a Leonard system that has parameter array (61). Therefore the Leonard system (A;
I.
In concrete terms A ε is the tridiagonal matrix in Mat d+1 (K) with entries (a, b, c; q) to the isomorphism class of . This concludes our concrete description of π.
In our classification we will make use of the following result.
) denote a Leonard system on V . Let X denote the K-subspace of End(V ) consisting of the X ∈ End(V ) such that both
Moreover (62) is a basis for X provided d 2.
We now give our classification of the Leonard triple systems of QRacah type. A * ) is the matrix on the left (resp. right) in (9). Using this and (63) we find the matrix A ε is tridiagonal with entries 
where
In what follows, when referring to (68), (67) we mean the relations obtained by applying to (67), (68) respectively. For convenience (64)-(66) will be used tacitly to evaluate A ε .
We now find the values of e, f , f * , g, g * . Concerning the (2, 0)-entry of either side of (67), the right-hand side is zero. We evaluate the left-hand side and by (RQRAC1), (RQRAC2) some factors in the resulting equation are nonzero. Eliminating those factors we obtain
Similarly we evaluate (3, 1)-entry of either side of (67) and obtain
Subtracting (69) from (70) we find
In the left-hand side of (71) the first term is nonzero by (RQRAC2) with i = 3 and the second term is nonzero by (RQRAC3). Therefore f = 0. Now (69) becomes
Similarly, under the natural map for * consider the (2, 0)-entry and (3, 1)-entry of either side of the
Askey-Wilson relation
One can show f * = 0. We now show that
To do this we divide the argument into the three cases: (A) q 
In the left-hand side of (74) the first term is nonzero since q 4 = −1. Therefore (73) holds. Case (B): In the left-hand side of (74) the first term is nonzero by (RQRAC2) with i = 4. Therefore (73) holds.
Case (C): Concerning the (2, 0)-entry of either side of (68), the right-hand side is zero. We evaluate the left-hand side and replace e by (72). By (RQRAC1) and (RQRAC2) some factors in the resulting equation are nonzero. Eliminating those factors we obtain 
, and obtain 
any of which contradicts (RQRAC4). This proves (73).
Combining (72) with (73) we find 
If g * = 0 then g = 0 by (73) and e = 0 by (75) hence A ε = 0, a contradiction. Therefore g * = 0 and so (76) yields
Combining (73) with (75) and (77) we find (e, g, g * ) is one of the following sequences: • The set of isomorphism classes of Leonard triples over K that have diameter d and QRacah type.
• The set T-QRAC red /(Z 2 ) 3 .
• The set T-QRAC red . 
Comments

Let (A,
A
